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SECTION 1

. INTRODUCTION

This report is intended to address three questions that arise during simu-
lation or hardware testing activities of communications links under Rayleigh fading
conditions: How many decorrelation times per realization are necessary? How many
samples per ¢ correlation time are necessary? How should interpolation be done be-
tween samples? These questions are answered in part in the DNA signal specification
for nuclear scintillation (Wittwer 1980) which requires a minimum of 100 decorrela-
tion times per realization and 10 samples per decorrelation time. However, experience
has shown that receiver performance will show considerable statistical variation when
the minimum realization length is used. This is particularly true of links which have
large power marging and are susceptible to only the very deenest fades. Of course the
best way to answer these questions is to measure link performance with realizations ol
increasing length and resolution until the statistical variation in the results from one
realization to the next is acceptable. Unfortunately, the luxury of doing this analysis
often does not exist.

The next higher level of analysis of these questions is to look at the statistics
of the realizations. This is the approach that will be taken in this report. The
first order statistics of the realizations are measured by calculating the cumulative
distribution of the amplitudes and comparing this with the Rayleigh distribution.
The second order statistics of the realizations are measured by calculating the mean
duration and separation of fades and comparing these quantities to ensemble values
for Rayleigh fading.

In general, the received signal may be written as the convolution of the
channel impulse response function k(t,7) with the transmitted signal s(t):

w(t) = /:o h(t,7)s(t - 1)dr (1.1)

In either software link simulations or in hardware channel simulators, Equation 1.1
can be implemented as a tapped delay line:

Ny 1

w(t) = > h(i,jAT)s(t - jAT)AT (1.2)

y 0




wherc N is number of taps on the delay line; A7 is the delay spacing of the delay line;
h(t,7AT) is the time varying complex weight of the j** tap; and s(t) is the input signal.
In a software simulation of link performance, time will also be discretely sampled (i.c.
t = kAL).

Under Rayleigh fading conditions, h(t,7) is a complex, zero mean, normally
distributed random variable and thus has a Rayleigh amplitude distribution. It then
follows from Fquation 1.2 that u(t) is also a complex, zero mean, normally distributed
random variable with a Rayleigh amplitude distribution.

A complete analysis of these issues would consider the sampling requirements
for each delay of the discrete impulse response function R(AANE, JAT). However, this is
beyond the scope of this report. Therefore, sampling requircinents on the flat fading
itnpulse response function h(kAt), where

Np-1
(kA = > h{kAt,jAT)AT (1.3)

7 0

will be addressed in this report. The sampling requirements for h(£A) will give some
indication of the sampling requirements for the frequency selective impulse response
function h(kAt, A7), Perhaps this should be stated another wiy: Sampling that is
inadequate for h(AAt) will surely be inadequate for (kAL A7) Thus it is the intent
of this report to define adequate sampling for £(kAt) and to inter adequate sampling
requiremnents for cach delay of k(KA1 jAT).



SECTION 2

TEMPORAL STATISTICS OF SCINTILLATION

This section 15 a review of well known results from the classical work of
S. 0. Rice (1948, 1954, 1958) on the first and second order statisties of Rayleigh
fading.

2.1 FIRST ORDER STATISTICS.

Under strong scattering conditions, the clectric field incident on the plane

of the receiver is the summation of many waves propagating in shghtly different di-

Lo o b ll..,],.- +
e -Gr=signin. RS L0

P | e e
recliois aoout L ¢ thoeorem of statistics) the

two orthogoual components of the electric field must then be zero-mean, normally

distributed random variables. 1t is assumed that the two orthogonal components are

also independent. The complex narrow-band envelope of the electrie field undergoing,

Rayleigh fading may be then represented as

B x(t) v oay(t) (2.1)

where 7 and y are independent and normally distributed with wero mean standard

deviation o. ‘The carrier frequency tern, exp(twot), has been neglected in this expres-

ston. Thus E(t) may be thought of as the output voltage of a down-converter where

r(t) is the in-phase component and y{t) is the quadrature-phase component.

It is easy to show that the probability density funcaon of the amplitude

L,

1= Ravleigh:



where Py is the mean power (Py; = (a?) = 20? where the brackets (-} denote an
ensemble average) The cumulative distribution of the power P, which is equal to the
probability that the power is less than o1 equal to P, is given by

F(P) = /0‘/" f(a)da =1 — exp [-ﬁl (2.4)

Py

This well known function is plotted in Figure 2.1 versus the ratio P/F,. It can be seen
from the figure that the probability of a 20 dB fade or deeper below the mecan nower
level is 107% and the probability of a 30 dB fade or deeper is 1073, This is consequence
of the fact that for smali values of P/P,, F(P) =~ P/ P,.
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Figure 2.1. Cumulative distribution of Rayleigh fading.
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2.2 SECOND ORDER STATISTICS.

The fading rate is determined by the second order statistics of the eloctric
ficld. The autocorrelation of the electri-. fiel! is, in general,

(B E (= 1) = @)zl + 1)) 4 w(Oult 7)) =20%(r) . (25)

There are two limiting forms for the autocorrelation function p(7). Under strongly dis-
turbed scattering conditions th * occur at early times or at the center of the disturbed

region, p(r) has the Gaussian form

p(r) = exp [-T—z] (2.6)

where 79, the decorrelation time of the electric fi~ld, is defined as the e folding point
of the autocorrelation function {(p(ra) = e '). The corresponding Doppler spectrum

of the ternporal fluctuations is

P ) 2, 2
S(w) - j/”ooexp(—-iwr)p(r)dr = /rToCXp [ 2)7;)—} (2.7)

which also has the Gaussiar form. Under less highly disturbed, but still Rayleigh
fading conditions, the autocorrelation function is usually assurned to have the form

plr) - [1 : (—2'—r|] exp [ 9—'7—] (2.8)

To To
where the parameter aa - 2.146193) is determined by the cor Jition thet p(1y) ~e N
The corresponding Doppler spectrum has the form commmonl= referred to as an f °

spectrum:

i ]
. — e, (2.9)
) dw?/ad

S(u‘) -

A comparison of realizations of the impulse res ponse function w.th Gaus-

sian and { 1 Doppler spectrums are shown in Figure 2 whe o the signic power in db
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is plotiad versus normalized time/r,. These realizations have been generated using
statistical techniques deseribed in Appendix B. Both realizations were generated from
the same set of random numbers so there is a strong correlation in the features scen
in the two realizations. Also, both realizations have unity mean power. The {4 re-
alization has a more spiky appearance due to having more energy at higher Doppler
frequencies. The two signals have similar low frequency behavior and the fades of the
two signals follow cach other quite closely. The difference in the two signals is the high
frequency jitter of the f * signal about the more smoothly varying Gaussian signal.
The significance of this on the temporal statistics of the fades wil! become apparent
luter.

2.3 TEMPORAL STATISTICS OF RAYLEIGH FADING.

The mean duration and separation of fades below an arbitrary power level
i and that of flares above ) ae calculated from the imean number {(NP)T)) of

crossings of the level P2 in the time interval T,

The probability that the amplitude a will cross the level £ - V/# in the time
interval ¢ to t « dt with a positive derivative is equal to the probability that o' > 0
and that £ a'dl -2 « -2 ¢ This probability is given by

a2 4 ¢
/ du'/ da f(a,a') - dt/ da' @' f(f,a")
0 ¢ aldt 0

where f(a,d") is the joint probability density function of the amplitude ¢ and its time
derivitive a' = da/dt. "The probability that a will cross the level £1in the time interval
tto t 1§ dt with a derivative of either sign is then

dt/ l la' 1 f (€, a")dd'

For stationary processes, the mean number of level crossings of 12 in the interval (o

{ - T then becomes

NPT, 1/ J L' f(F,a')da' . (2.10)
O

The jont probability density function of the amphitude and s time deriva-
tve is (Rice 1945, Dana 1982)




(0 <a<oo,-00<a <o)

This probability density function is derived in Appendix A. It can be seen from the
form of Equation 2.11 that the probability density function of a is Rayleigh; that the
probability density function of a' is normal with zero mean and with A"’l’o/ro2 variance;
and that a and a' are independent. The functional form of f(e,a') is the same for
either of the limiting forms of the Doppler spectrum. The only difference is the value
of the parameter A which depends on the functional form of the Doppler spectrum
(A =1 for the Gaussian spectrum and A= 1.518 for the {™* spectrum).

The mean number of level crossings can now be casily evaluated with the

rocnlt

A Sy

o (2.12)

(N(P.T)) = A (i> v@cxp[ P ]

Ta 7 P

The effect of the diflerent Doppler spectrums is to scale the mean number of level
crossings by the quantity A. Recall that this fact was shown qualitatively by com-
paring the two randorm realizations in Figure 2. By noting that two level crossings
are required to define the beginning and the end of a fade below £, the mean rate of
fades Helow the level P is (N (P, 1))/ 27.

Figure 2.3 shows plots of the mean number of crossings of I’ in one decorre-
lation time versus the ratio I’/ 1% for the two limiting forms of the Doppler spectruin.
The maximura value of (N (P, 79)) occurs at P/Py = 1/2 or -3 dB. As a point of com-
parison, the median level M of the Rayleigh distribution is M = Fyfn(2) or 1.6 dB
below the mean power.

The mean separation (T4(F)) of lades below 7 is obtained from the mean
number of fades per unit time g = (N (P, 1y))/210. For any long time interval 77, the
mean number of [ades is 47" and the mean separation is just 77/87 or 1/3. Thus the

mean separation of fades below P s

(Te (1)) inPy [ "
| = Lgmie 1L
Ty A\ 21) [ ()J

2-6




1 -
1.0 - 1
I+ /-
Doppler
8- Spectrum ]
7 F / —

Gaussian
Doppler
Spe “‘rum

o Laati iy [P B TOTE NN S WU PN A i

- 35 -30 =25 -20 -13 =-i0 -5 4] S 10
POWER LEVEL P/P, (dB)

NUMBER OF LEVEL CROSSINCS PER 7,

Figure 2.3. Mean number of level crossings per 7.

The 1nean separation of a fade below P is equal to the average time between crossings
of P with either a negative value of @’ (which defines the start of the fade) or with
positive value of @' (which defines the end of the fade). Thus the mean separation of
fades below P is also equal to the mean separation of flares above P.

The mean duration (Tpapg(P)) of fades below P is obtained as foliows.
During a long time interval T', the total time that the power will be b low P is F(P)T
where F(P) is the cumulative distribution given in Equation 2.4. The mean duration

is then the sum of all durations F(P)T divided by the number of fade= T. The result
is

(Tuzi: \/”PO { [_O_] _ 1} , (2.14)

The mean duration (Trpare(P)) of a flare above P is the mean time that
the power stays above P. Using the arguments given above, the mean separation of
a fade or a flare is equal to the mean time that the signal is above P plus the mean

2-7




time that it is below P : (TFADE(P)> + (TFLARE(P)> = (TS(P)> The mean duration

of a flare is then
(Trraze(P)) 1 \/TPO
- =<\5p (2.15)

The mean duration and separation of fades and flares are shown in Figure 2.4
for a Gaussian Doppler spectrum. For the f~* Dopple: spectrum, all three curves in
Figure 2.4 scale by 1/A = 0.6589.
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Figure 2.4. Mean duration and separation of fades and flares.




SECTION 3

SAMPLED RAYL™WIGH FADING

The requirements on the samypling of Rayleigh {ading are given in the DNA
signal specification for nuclear scintillation {Wittwer 1980) which requires a miniimum
of 100 decorrelation times per realization and 10 samples per deccrrelation time. The
questions that arise from this requirement can be summarized as: How close are
such realizations to Rayleigh fading” To address this question, random realizations
of Rayleigh fading will be generated; moments of the amplitude, cumulative distri-
bution, and mean fade duration will be measured; and these measured values will
be compared with their ensemble values. Of course, because of the finite number of
samples in each realization, each of these measurements is, in fact, a random variable
with some mean and standard deviation. The variations in these measurements from
realization to realization are me2asurcd by generating a large number (1024 to be ex-
act) of realizations and computing the mean and standard deviation. A method of
generating such realizations is outhined in Appendix B.

The objectives of this section are to present the means and standard de-
viations of such measurcments, and to attempt to answer the above question based
or: these results. The effects of interpolation between realization sampies, and the
effects of using longer realizations (more decorrelation times per realization) will also
be examined.

3.1 MEASURED STATISTICS OF 100 7y REALIZATIONS.

Realizations generated with V=1024 time samples and Ny - 10 samples
lel
per decorrelation time wiil serve as a baseline calculation. These realizations are also
sampled at 7/10 time intervals.

One criterion for deciding that a realization has Rayleigh amplitude statis-

tics is that the moments of the amplitude »hould agree with Rayleigh values. nsemble
values for the moments of the amplitude are casily obtained from Kquation 2.3 and

are:?




(‘12) = P
@) = SR (3.1)
(') = 21}

The scintillation index Sy is the standard deviation of the power:

Se = \ g(i)(-g;)(f?) - (3.2)

It is necessary, but not sufficient, that Sy equal unity for Rayleigh fading. The scin-
tillation index is a good measure of the statistics of flares but nct of fades. Another
statistic that is sensitive to the distribution of fades is the mean log amplitude ¥:

X :=(fna) = tn\/FPy-- /2 (3.3)

where « 1s Euler’s constant (y := 0.5772157-- ).

The measured mean and standard deviation of the amplitude moments, Sy,
and ¥ are prescnted in Table 3.1. The measured values of a single rc.'ization should
equal the ensemble value nlus or minus ¢ » or two standard deviations. It can be
seer, from the table that the average values of the moments are close to the ensemble
values but that the standard deviations of the higher moments and ¥ can be as large
as 25 percent.

Perhaps a better criterion for the first order statistics is close agreement
between the Rayleigh cumulative distribution and the measured curmulative distri-
bution. The measured cumulative distribution (dots plus or minus one-sigma error
bars) is plotted in Figure 3.1 along with the ensemnble curve (Eqn. 2.4). A level <. 0
dB corresponds to the mean power Py, It can been seen from the figure that 100 7o
realizations do indeed have, on the average, a Rayleigh distribution of fades down to
at least 30 dB. It is clear, however, that the possivle deviation from Rayleigh fading
of a single realization becc s larger as ~ne examines deeper fades.
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Table 3.1. Amplitude moments of 100 r, realizations.

Woment [ Ensemble Value | Average' | StandaEDeviation'J

(a) VTP )2 1.003 0.057

a?) Py 1.005 0.112
T |

(a%) 3\/nP¢/4 1.007 0.172

(a*) 2P? 1.009 0.243

Sy 1.0 0.983 0.083

-v/2 0.221

* Normalized to the ensemble values.

The fidelity of the realizations in reproducing the second order statistics of
the fading will be investigated by considering the mean fade duration and separation.
The mean fade auration is a good statistic to examine for communications applications
because errors often occur in bursts during deep fades. If the fades, on the average,
are too long or too short, the error bursts will not have the proper durations and the
resulting receiver performance may be misleading. Fade duration measurements and
the ensemble curve for a Gaussian Doppler spectrum are shown in Figure 3.2. Because
the realizations are generated with 10 samples per decorrelation time, the minimum
fade duration is 79/10. The measurements reproduce ensemmble values for fades down
to about 20 dB. Below this level, the average of the measurements is limited to a valuce
of about 7¢/10. The measured value for 30 dB fades is less than 74/10 because soiuce
100 7¢ realizations do not have 30 dB fades. The effect of these realizations on the
measurements is to reduce the average values. The measured and ensermble mean fade

separation are shown in Figure 3.3. It is likely that 100 7o realizations will not have

two fades below the 25 or 30 dB level so a fade separation measurement can not be
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Figure 3.1. Cumulative distribution of 100 r, realizations.
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Figure 3.3. Mean fade separation of 100 7, realizations.

made. Thus the error bars at these levels are large and the measured separation for
30 dB fades is low by a factor of almost 10.

For fades less than 20 dB or so, the 100 7y realizations reproduce the ensem-
ble values for fade probability, tade duration and fade separation. If deeper fades are
of concern, however, then 100 7, realizations sampled at 75/10 may not be adequate
for producing accurate error rate predictions. Two possible alternatives are discussed
below: interpolation and longer realizations.

3.2 EFTFECTS OF INTERPCLATION AND LONGER
REALIZATIONS.

Although the realizations of the impulse response function are usually gen-
erated with samples spaced at 75/10, the sampling period of the simulated or tested
receiver can be much smaller than 7,/10. There are at least three approaches to this
problem. One apptoach is to sample the impulse response function at a rate equal to

3-5




the sample rate of the receiver. However, if the sample period is much smaller than o,
this results in very large realizations if each realization must have 100 decorrelation
times. Another approach is to hold the impulse response function constant during
the period 74/10, and change it abruptly at the end of the period to the next value
of the impulse response function. This is, in fact, thbe approach used to measure the
temporal statistics of the realizations, and in principle, this procedure is acceptable
because 7,/10 sampling should result in small changes from one value of the impulse
response function to the next. A third approach is to interpolate between values ot
the impulse response function. Simple linear interpolation will be considered here.

Figure 3.4 shows the mean fade duration measured from exactly the samne
realizations used to generate the results of the previous section. However, here the
realizations are sampled with a period of 75/40 using linear interpolation between the
7p/10 values. During the 7,/40 period, the impulse response function is held constant.
The feature to note in Figure 3.4 is that the measured mean fade durations now lie
on top of the theoretical curve for fades down to 30 dB. Of course, if the mean fade
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Figure 3.4. Mecan fade duration of 100 ry realizaticns with interpolation.




duration of 35 dB fades had been measured it would be equai to about 75/40 and would
lie above the theoretical curve. Because the variations in the mean fade duration from
realization to realization are cetermined by the number of decorrelation times in the
rcalizations rather than the sampling period, the variations around the mean values
arc about the same size as measured without interpolation.

Finally, the cumulative distribution, mean fade duration, and mean fade
separation of 400 7y realizations generated with 10 samples per 7o (N = 4096, N,
= 10) and sampled al 79/40 using linear interpoiation are shown in Figures 3.5, 3.6,
and 3.7. Here the variations around the mean values are smail compared to variations
oi 100 74 realizations. Also, the mean scparation of 30 dB fades for 400 74 realizations
is close to the theoreticai value indicating that most 400 1y realizations have at lcast
two fades of this depth.

3.3 SUMMARY.,

It is clear that 100 7y realizations do not accurately reproduce the duration or

separation or fades below about 20 dB. Linear interpolation can be used to accurately
reproduce the duration of 20 to 30 dB fades in 100 7y realizations but it takes 400 7
realizations to accurately reproduce the mean separation of 30 dB fades. It is also
clear that 10 samples per decorrelation time is sufficient, at least for 30 dB or less
fades, as long as interpolation is used between realization points.

In summary, the adequacy of a realization depends on the depth of fades that
are of interest. Realizations that are 100 7y long accurately reproduce the duration
and separation of fades whicn are less than about 20 dB. 1f deeper fades are of interest,
then the realizations should be longer and interpolation should be used.
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APPENDIX A
JOINT PROBARBILITY DENSITY FUNCTION f(a,a')

The purpose of this appendix is to derive the joint probability density func-
tion of the Rayleigh amplitude a and its time derivative a' = da/dt. This function is
required to calculate the temporal statistics of Rayleigh fading. A slightly differcnt
form of this derivation was first published by Rice (1948).

The starting point for this calculation is the determination of the joint prob-
ability density function of the in-phase and quadrature components z and y of the
complex envelope of the electric field. It is assumed that z and y are independent,
and, by the central limit theorem, that they are normally distributed. Thus the joint
probability density function of z and y is

1 z% 4 y?
- . . ALl
3 cxp[ 207 (A.1)

Now, the probability joint density function of the time derivatives ' = dz/dt and
y' = dy/dt must be calculated. It will be shown that z and z' are independent, as
are y and y'. It will be assumed that z, =, y, and ¢ arc jointly independent. Thus
the joint probability density function of z' and y' is all that is needed in addition to
Equation A.1 to write down the joint probability density function f(z,z',y.y'). Once
this function has been obtained, a simple change of variables from z,z',y, and y' 1o o
and ' will vield the desired function.

Mz,y) = ”

In order to determine the distribution of ' (or 3'), consider the random
function x(t) written as a Fourier stochastic integral

7(t) ~_/ z*('.a)(-xp(iwt);lfdi . (A.2)

- oL "

The guantity 2(w) is a random function in the Doppler domain. It is useful to assuine

that z(w) is a zevo-mean, nonmally distributed random process, although this is not
necessary because the central limit theorem will make z(¢) normally distributed for
aimost any reasonable distribution of z(w). However, with the normal assumption for
z(w), z(t) is the sum of many independent, normally distributed random variables,
and s necessarily a zero-mean, normaily distributed random variable.
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Before continuing, it is interesting to show the relationship between the ran-
dom spectral components z{w) and the Doppler spectrum S(w). The autocorrelation
function of the stationary process z(t) may be written as

(z(t1)z(t2))

pllz =) = =5 (A.3)
roo dw, 1 dwsy (Z(w1)2°(w2)) . .

However, the correlation function p(r} may also be written in terms of S(w):

p(r) = /_Jo S(w) exp(z’wr)? . (A.4)

00 n

Note that, i geincral, S{w) inust be an even funciien if the autocorrelation function
p(7) is real. In order to ensure that the integral in Equation A.3 is only a function of
time diifference 7 = t, - t,, the integrand must contain a factor 276 (w; —w;). Using the
Dirac delta function to collapse the double integral in Equation A.3 and comparing
the result with Equation A4 gives

(z(1)2 (w2)) = 210 8(w1 — wqa)S(w1) - (A.5)

This equation also dem:mstrates that the random Doppler spectral components of
z{w) are uncorrelated, which is a consequence of the assumption that the random
process z(t) is stationary.

The time derivative of z(¢j is given by differentiating Fquation A.2, with a
similr expression holding for y":

[ dw

(1) - / (1w)z{w) expliwt) — . (A6
ac 2m

Because z(w) is nor naly distributed with zero mean, z'(t) will also be normally
distributed with zero mean. The variance of 7'(1) is

. PN © du ~duw , . .. \
() () / -|-/ Zwl;ugé\c(u;,),: (wy), exp,i{w) - wy)li

~ 2 o 27
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= 02/_00 L—ilij—wZS(w) (A.7)

oo 2T

2‘12!’(7)!
s "

=0

In general, the variance of z'(tj may be written as

St A"
. . 20°A
(' (L2 (t) = —— (4.8)
0
where
1.0 (Gaussian Doppler Spectrum)
A = (A.9)

a/\/’); = 1.5176 (f *Doppler Spectrum)

and where the parameter o is defined in Kquation 2.8. The cross correlation of z'(t)
and z(t) is

Ve . © dwy .. ~  dw . . :
@iz = [T SRw) [ S e wn)z (we) explifwr - wt

L, [*d .
= -—102/ Sy Sw)=0 . (A.10)

w27r

Fquations A2 and A5 and the fact that S(w) is an even function heve been used
in reducing Bquaticns A7 and A.10. Because z(t) and z'(t) are uncorrelated and
normally distributed, they are alse independent. Identical results hold for the variance
of y' and the cross correlation of y and y'.

The joint probability density function of z,z',y, and y' may now be written
down:

. ’ 1 %yl ;2 72(:r,'7' " y'z)
S v 9] '(«z’;}';f)“**’["z;e“ it ) | T ggrar | - ()

This function may be transform to the desired function of ¢ and ¢ by making the
g

change of variables




z = acosf (A.12)
y = asind

The time derivatives of £ and y are
y

' = a'cosd - af'sind (A.13)

y = a'sinf+ af' cosd

which gives the usual polar ccordinate equations

z? 5 y? a* (A.14)

I

I'2 —+ y'2 — a'Z +a20’2

The probability density function coordinate transformation is

flz, ', v,y Vdzdz'dydy' = f(a,a’,0,0')|det(J)dada’d0d0’ A.15
i

where the determinate of the Jacobian of the transformation is

[ 0z dz' Ody 0y ]
da Ba da  Fa
dz 9z dy Iy
1 [ - ! 1
det(J) = det 32 32 g; g; (A.16)
90 90 36 90
oz 9z dy Iy
L 90" a0 90 99"

cos 0 —0'sin0 sin @ 0'cos 0
0 cos 0 0 sin 0
det )
—asinf —a'sinl —alcosl acosl a'cos@ - ab'sind

0 —asinf C acosl




The joint probability density function of @ and a' is obtained by integrating over 0
and €'

f(a,d) :/0" dO/_ZdO’f(a,a',(},ﬂ’) : (A.17)

with the result

fla,a") = (%) eXp [— ;—:5] (ﬁ—;) exp [— ;LZ(;—:—Q] . (A.18)

Thus it is apparent from this equation that the probability density function of a is
Rayleigh; that the probability density function of @' is normal with zero mean and
variance of 2A%0% /72; and that a and a' are independent because their joint probability
density function is separable into a function of a times a function of a'.




APPENDIX B

REALIZATIONS OF RAYLEIGH FADING

The methods of generating random realizations of the iropulse response func-
tion for Rayleigh fading channels are discussed in detail clsewhere (Knepp 1982 or
Dana 1986) and are orly briefly reviewed in this appendix. The starting point of
the method of generating a realization of flat Rayleigh fading is the Doppler Power
Spectral Density (PSD) function, S(w). This function has two commonly used forms
which were discussed in Section 2:

TO'JJ

S(w) = VFrgexp [ 1

} (Gaussian I’'SD) (B.1)

470 1
S(w) = —- — -4 PSD 13.2
()= T rSD) (1)

where a - 2.146193 in the {7* form of the PSD. The quantity S(w)dw/27 is the mean
iraction of power in the Doppler frequency interval w/27 to (w + dw)/27.

The discrete realizations of the channel impulse response function will con-
tain N time sainples with Ny samples per decorrelation time. Thus the time spacing
of the discrete samples is

7o
At = —= B.3
No ( )

ana the total time duration of the realization is NVAt. In the Doppler frequency
domain, the spacing of the discrete samples is

2w

Aw = e
N At

(1B.4)

Note that the quantity AwAt, which will appear later in a Fourier trans srm, is equal
to 2570V,




The samples in the frequency domain are generated by first calculating the
fraction of signa! power in each Doppler frequency bin, S, = S(jAw)Aw/2x. For the

Gaussian PSD, '
5 N 2t N
$, = \-/—IT,;;-Q xp []l;vz—”] . = -N/2,- NJ2-1) (B.5)

and for the f74 PSD,

S

4\/ '24|'2.‘\[2 -2
B { JAni 0] (j=-NJ2,---,N/2—1) (B.6)

2 | e

Next, the random Doppler frequency spectrum H (jAw) of the impulse response func-
tion is generated:

. 2 ;- _
II(JAJJ) = _A—w\/SJ€J . (”()

The leading factor 27/Aw has been included so that the discrete Fourier transform
of H{7Aw) will be dimensionless. The random components of the spectrum, £;, are
complex, norinally disturbed random variables with the propertices:

(&0 = bk (13.8)
(£j£k> = 0 ,

where the quantity 6 is the Kronecker delta symbol. The random samples of € may
be generated using

£; = \/---ln(uu) exp(2miug ;) (B.9)

where uy, and ug, are independent random variables uniformly distributed on the
interval [0,1).

Finally, the randomn Doppler spectrum of the channel impulse resonse func-
tion iz Fourier transformed to the time domain. In continuous notation, iis Fourier
transform is

B-2




and in discrete notation

Nj2-1 A
h(kAt) = > II(jAw)expli(jAw)(kAt)];—
i=-NJ2
N/}—l
> \/—S_jfjexp[z'Zﬂjk/N] ,
j=-NJ2

where £k =0,1,---, N ~ 1.
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ATTN G DITTBERNER

KAMAN SCIENCES CORPORATION
ATTN. B GAMBILL
ATIN" DASIAC
LTTN- R RUTHERFORD

KAMAN SCIENCES CORPORATION
ATTN. DASIAC

LOCKHEED MISSILLS & SPACE CO, INC
ATTN JHENLEY
ATTN ) KUMER
ATTN: R SEARS

LOCKHEED MISSILES & SPACE CO. INC
ATTIN D KREJCI

L1V AEROSPACT & DEFENSE COMPANY
2CYS ATTN. LIBRARY

MITLINCOUNLAB
ATIN DTOWLE
STIN TKUPIEC

MARTIN MARIETTA DENVER AFROSPACE
ATTN HVONSIRUVL i

MCDONNE LE DOUGLAS CORPORATION
ATTN  J GROSSMAN

METATECH CORPORATION
ATIN R SCHALTER
ATTN. W RADASKY

DNA-TR-89-5 (DL CONTINUED)

METEOR COMMUNICATIONS CORP
ATTN RUEADER

MISSION RESUARCH CORP K
ATTN R ARMSTRONG "
ATTN. W WHITL

MISSION RESEARCH CORP 2
ATTN. B R MUNER
ATTN: D ARCHER :
ATTN- D KNEPP B
ATIN D UANDMAN
ATTN- F FAJEN
ATTN F GUIGLIANO 4
ATTN. G MCCARTOR N
ATIN K COSNER
ATTN M FIRESTONE
ATTN. R BIGONI
ATIN R BOGUSCH '
2 CYS ATTN- R DANA b
ATTN. R HENDRICK
ATTN' S GUTSCHE ey
ATTN TECH INFO CENTER
AV1M. TECH LIBRARY

MITRE CORPORATION
AT .N: D RAMPTON.PH D

MITRE CORPORATION
ATTN: M HORROCKS
ATTN: R CPESCI

ATTN. W FO3TLIR

“OTHWEST RESEARCH ASSOC, INC
ATTN: E FREMOUW

PACIFIC SIERRA RESEARCH CORP
ATTN: E FIELD JP
ATTN: F THOMAS
ATTN: H BRODE

PHOTOMETRICS, INC
ATTN: | L KOFSKY

PHYSICAL RESEARCH INC
ATTN. W SHIH

PHYSICAL RESEARCH INC
ATIN: HFITZ
ATTN. P LUNN

PHYSICAL RESEARCH, INC
ATTN: R DELIBERIS
ATTN: T STEPHENS

PHYSICAL RESEARCH, INC
ATTN: J DEVORE
ATTN ) THOMPSON
ATTN. W SCHLUETER

R & D ASSOCIATES
ATTN: C GREIFINGER
ATIN- F Gh MORE
ATTN: G HOYT

Dist-3




DNA.TR-89-5 (DL CONTINUED)

ATTN- L DE RAAD
ATTN: M GANTSWEG

RAND CORP
ATTN C CRAIN
ATTN. £ BEDROZIAN

RAND CURP
ATTN' B BENNETT

RJO ENTERPRISLS/POFT HAC
ATTN: A ALEXANDER
ATTN. W BURNS

SCIENCE APPLICATIONS INTL CORP '
ATTN. C SMITH
ATTN- D HAMLIN
ATTN D SACHS
ATTN. v STRAKER
ATTN. L LINSON

SCIENCE APPLICATIONS INTL CORP
ATTN- D TELAGE
ATTN. M CROSS

SRIINTERNATIONAL
ATTN. W CHESNUT
ATTN: W JAYE

STEWART RADIANCE LABORATORY
ATTN- R HUPPI

TELECOMMUNICATION SCIENCE ASSOCIATES
ATTN: R BUCKNER

TELECOMMUNICATION SCIENCE ASSOCIATES. INC
ATVN. D MIDNLESTEAD

TELEDYNE BROWN ENGINEERING
ATTN: J WOLFSBERGER, JR

TOYON RESEARCH C7'RP
ATTN: JISE

TRW INC
ATTN: R PLEBUCH
ATTN: H CULVER

TRW SPACE & DEFENSE SYSTEMS
ATTM: DM LAYTON

UTAH STATE UNIVERSITY
ATTN: K BAKER
ATTN: L JENSEN

VISIDYNE. INC
ATTN: J CARPENTER




